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Abstract 

It was conjectured recently that the string worldsheet theory for 
the fast moving string in AdS times a sphere becomes effectively first 
order in the time derivative and describes the continuous limit of an 
integrable spin chain. In this paper we will try to make this statement 
more precise. We interpret the first order theory as describing the long 
term evolution of the tensionless string perturbed by a small tension. 
The long term evolution is a Hamiltonian flow on the moduli space of 
periodic trajectories. It should correspond to the renormgroup flow on 
the field theory side. 
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1 Introduction. 



The AdS/CFT correspondence relates weakly coupling limit of the Type 
IIB string theory to the strongly coupled limit of the = 4 Yang-Mills 
theory. It is hard to imagine that this type of a correspondence would allow 
for quantitative checks besides the comparison of the quantities protected 
by the supersymmetry. But the recent research revealed several examples 
where some nontrivial parts of the Yang-Mills perturbation theory are repro- 
duced from the string theory computations. The first work in this direction 
was the computation of the expectation value of the circular Wilson loop 
[H HJ. It was followed by the discovery of the BMN limit HI3] and the 
"spinning string" solutions which we will discuss in this paper. In these com- 
putations supersymmetry alone is not enough to guarantee the agreement 
of the results of the string theory and the field theory. It turns out that in 
some field theory computations the perturbation series depend on the cou- 
pling constant A only in the combination A/J^ where J is a large integer. 
If >> A the perturbative computations can presumably be trusted even 
when A is large, and when A is large they can be matched with the string 
theory computations. At the moment there is no solid explanation of why 
it works, and even whether this is true to all orders of the Yang-Mills per- 
turbation theory (see jB] for one of the most recent discussions.) But there 
are several computations with the impressive agreement between the field 
theory and the string theory. 

The "spinning strings" solutions were first considered in the context of 
the AdS/CFT correspondence in [3 El El- Various computations in the clas- 
sical dynamics of these solutions lead to the series in the small parameter 
which on the field theory side is identified with A/J^. It was conjectured 
that the Yang- Mills perturbation theory in the corresponding sector is repro- 
duced by the classical dynamics of the spinning strings. The corresponding 
Yang- Mills operators are the traces of the products of the large number of 
the elementary fields of the Yang- Mills theory; J corresponds roughly speak- 
ing to the number of the elementary fields under the trace. The one-loop 
anomalous dimension of such operators was computed in |1U1 lllj and the 
perfect agreement was found with the classical string computations; see the 
recent review for the details. It turns out that the single trace opera- 
tors in the AA = 4 Yang-Mills theory can be thought of as quantum states 
of the spin chain, and the one loop anomalous dimension corresponds to the 
integrable Hamiltonian. 

A direct correspondence between the quasiclassical states of the spin 
chain and the classical string solutions was proposed recently in jT^]. It was 
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suggested that in the high energy hmit the string worldsheet theory becomes 
effectively first order in the time derivative and agrees with the Hamiltonian 
evolution in the spin chain. In our paper we will try to generalize this 
statement and make it more precise. 

The characteristic property of the spinning strings, which was first clearly 
explained in ^1], is that their worldsheets are nearly-degenerate. In all the 
known situations when there is an agreement with the field theory perturba- 
tive computation, every point of the string is moving very fast, approaching 
the speed of light. Therefore "spinning strings" are actually fast moving 
strings^. This observation suggests that there is a correspondence between 
a certain class of the Yang-Mills operators and the parametrized null sur- 
faces in AdS^ X |16j . A null surface is a surface with degenerate metric, 
ruled by the light rays. A parametrized null surface is a null surface S with 
a function a : T, ^ which is constant on the light rays. (On the field 
theory side a can be thought of as parametrizing "the position of the ele- 
mentary field operator inside the trace".) A parametrized null surface can 
be specified by the embedding functions x((T, r) with values in AdS^ x 
such that for a fixed a = ao the functions x{ao,T) describe a light ray 
with the affine parameter r, and {d^x, d^x) = 0. The embedding functions 
are defined modulo the "gauge transformations" with the infinitesimal form 
6x = (j){a)drX where 0(0") is an arbitrary periodic function of a. 

There is an interesting special case when the null surface is generated 
by the orbits of the lightlike Killing vector field V in AdS^ x . The corre- 
sponding field theory operators are characterized by a special property that 
their engineering dimension is equal to a certain combination of conserved 
charges. In this special case the one loop anomalous dimension should be 
equal on the string theory side to the value of the conserved charge corre- 
sponding to V . We have shown in that this charge is proportional to 
the following "action functional": 



with the coefficient of the order A/J^. (This formula requires a choice of the 
closed contour on the null surface, but the result of the integration does not 
actually depend on this choice.) The definition of the special class of oper- 
ators for which the engineering dimension equals a combination of charges 
makes sense for finite -jj. What is special about the extremal surfaces cor- 
responding to this particular class of operators for finite j^? We describe 
this class of extremal surfaces in Section 2 to the first order in 
^Fast moving strings were also considered in this context in fl5| . 
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We will also generalize the expression for the anomalous dimension 
for the case when S is a general null-surface, not necessarily ruled by the 
orbits of the symmetry. (The solutions of ^7] belong to this more general 
class.) Following the idea of ^Hl we will study the long term evolution 
of the approximating nearly-degenerate extremal surface S(e), = A/J^, 
S(0) = S. We show that this long-term evolution is a Hamiltonian flow on 
the moduli space of the null-surfaces. The generating function corresponds 
to the anomalous dimension of the corresponding Yang- Mills operator. The 
result is a very natural generalization of 

S[x\ = I cLt I da {dax{a,T),dax{a,T)) (2) 
Jo Jo 

This is a functional on the space of null-surfaces. For its definition it is 
essential that all the light-like geodesies in AdSm x are periodic. There- 
fore the null-surfaces are also periodic, just like solutions of the massless 
field equations. The integration over r corresponds to taking the average 
over the period, see Section 121 for details. The value of S on the contour 
should correspond on the field theory side to the anomalous dimension of 
the corresponding operator. 

The null-surface perturbation theory was studied in a closely related 
context in [IS] . 

The structure of the paper. In Section 2 we will study the perturbations of 
the null surfaces corresponding to the special class of operators for which the 
engineering dimension is equal to a certain combination of the i?-charges. On 
the AdS side this is reflected in the null-surface S(0) being invariant under 
the symmetry generated by the null Killing vector V. There are restrictions 
on the nearly-degenerate worldsheet S(e) following from the fact that the 
operators of this class mix only among themselves under the renormgroup. 
We show that these restrictions can be satisfied. 

In Section 3 we will study the perturbations of the null-surfaces which 
are not generated by the orbits of the light-like Killing vector. We will 
describe the "long-term" or "secular" behavior of S(e). The moduli space 
of parametrized null-surfaces is a symplectic manifold, and the long-term 
evolution is a Hamiltonian fiow corresponding to the renormgroup flow on 
the fleld theory side. 
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2 Perturbation of the degenerate surfaces ruled by 
the orbits of the Hght-Uke KiUing vector. 

2.1 Summary of this section. 

Let V he a lightlike Killing vector field in AdS^ x S^. Consider the null 
surfaces which are ruled by the orbits of V. These null surfaces correspond 
to the Yang-Mills operators of the form tr F{X, Y, Z) where F{X, Y, Z) is 
some (unsymmetrized) product X,Y, Z; X = ^i + i^2, Y = ^3 + 1^4, and 
Z = $5 + i$6 are the complex combinations of the scalar fields. For these 
operators the charge corresponding to V is zero in the free theory. Let O 
be an operator of this type. 

What can we say about the extremal surface So corresponding to such 
an operator Ol We will argue that to the first order in = the class 
of extremal surfaces corresponding to this special type of operators can be 
characterized as follows. For each point x € there is a null-surface S(0) 
ruled by the orbits of V and such that in the vicinity of x the deviation of 
Tio from S(0) is of the form: 

x{T,a) = xo{T,a) + €^r]i{T,a) + . . . (3) 

where tji has the property: 

[v,[v,m]] = o (4) 

Here [V, r/i] = VvVi~^rii^ denotes the commutator of two vector fields; one 
of these fields is defined only on the surface S(0), therefore the commutator is 
also defined only on S(0). The property [V, [V, rji]] = is what characterizes 
this special class of string worldsheets to the first order in e^. 

Unlike the null-surface S(0), the nearly-degenerate surface S(e) is not 
invariant under V. But we can describe the variation of S(e) under V rather 
explicitly. Indeed, we can see from Q that the translation of x by y with 
the infinitesimal parameter /i is: 

e^'^-x{T,a) = x{T,a) + fie^[V,m]{r,cT) = (5) 
= {xoiT,a) + tie^[V,r]i]ir,<T)) + e^m{r,a) (6) 

One can see that when the condition Q is satisfied, xq + /ie^[y, r/i] deter- 
mines the infinitesimally deformed null-surface. Therefore the translation of 
the nearly-degenerate extremal surface S(e) by V corresponds to the defor- 
mation of the approximating null-surface S(0). 
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Let us formulate it more precisely. Notice that a light-like Killing vector 
field V in AdS^ x can always be represented as V = Ua + Us where Ua 
and Us are Killing vector fields on AdS^ and respectively; {Ua, Ua) = 1 
and {Us, Us) = —1. Let Qs denote the conserved charge corresponding to 
Us- Let M be the moduli space of parametrized null-surfaces ruled by the 
orbits of V and Mj he the moduli space of extremal surfaces of the special 
type characterized by Eq. (0J) and such that Qs = J- 

Let us choose some map A : M ^ M.j, such that: 

1. For any parametrized null-surface S(0) the image A(S(0)) is an ex- 
tremal surface deviating from S(0) by the terms of the order = j^- 

2. The density of Qs on S(e) = A(S(0)) in the limit e — > is proportional 
to -da where a is the parametrization of the null-surface 5](0): 



density of Q^. 



4tt e 



da + 0(1) when e ^ 



(7) 



The action of ^ on A^j by translations is conjugate by A to some one- 
parameter group of transformations of M. It turns out that this one- 
parameter group of transformations to the first order in does not depend 
on the choice of A. It has the following meaning in the dual field theory. We 
can identify M with the space of continuous operators in the free field the- 
ory. Then the one-parameter group of transformations which we described 
corresponds to the renormgroup transformations of the continuous opera- 
tors when we turn on the interaction A/J^. This can be summarized in the 
commutative diagramm: 



m 



A 



RG acting on null-surfaces 



A 



(8) 



shift by Killing vector field _ 

S(6) > S(6) 



In the rest of this section we will explain how to construct the extremal 
surfaces satisfying the conditions ©, @. 



2.2 General facts about the nearly-degenerate surfaces. 

Consider the extremal surface in AdS^ x which is nearly-degenerate (close 
to being null). Calculations are simplified with a special choice of the world- 
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dx dx\ ^ 2 f dx dx 



sheet coordinates: 

dx dx\ , . 

where e is a small parameter measuring the deviation of the worldsheet 
from a null-surface. We assume that a is periodic with the period 27r. We 
choose the small parameter e so that the embedding function x{t, a) has a 
finite limit when e — > 0. In this limit x(r, a) describes an embedding of the 
null-surface xo(t, a). If we choose a as the parametrization of this limiting 
null-surface then the density of Qs will agree with this parametrization in 
the sense of Eq. ((Jj). The string worldsheet action is: 



-{drX, drx) — e{dcrX, dcrX) 



ill) 



S = / dadr 
4tt J 

The string equation of motion is: 

-DrdrX - eD^daX = (12) 
e 

We denote D-r and -Do- the worldsheet covariant derivatives. They act on 
the vector-functions on the worldsheet with values in the tangent space to 
AdS^ X S^. The general definition is 

= dr^ + T^^pdrX'^e 

where x^ = x^{T,a) are the coordinate functions specifying the embedding 
of the string worldsheet into the target space and = ^'^(r, cr) is a vector- 
function on the worldsheet with values in the tangent space T{AdS5 x S^). 
Somewhat schematically, one can write DrS,^ = drX^Vy^^ where V^/ is 
the covariant derivative in the tangent bundle to the target space. More 
precisely, is the natural connection in the ten-dimensional vector bundle 
over the worldsheet which is the restriction to the worldsheet of the tangent 
bundle of AdS^ x . This natural connection is induced from the Levi- 
Civita connection on T{AdS^ x S^). 

One can look for a solution to (|12|) as a power series in e^: 



x{a,T) = xo(ct,t) + e^r/i((T,r) + e^r/2(fT,T) + . . . (13) 
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where rco(c7, r) is a null-surface. The first deviation r]i satisfies the inhomo- 
geneous Jacobi equation: 

D^m , ryfdxo \ dxo D dxo 



dr"^ V 9r ' J dr da da 
and the constraints: 

{D„rii,drXo) + {Drm^daXo) = (15) 

{DrVl,drXo) = -^{daXo,daXo) (16) 

where R is the curvature tensor of the target space (we will remind its defi- 
nition in a moment). The constraints on rj follow from the constraints 
((nj on X. The inhomogeneous Jacobi equation^ ()14() can be derived from 
the equations of motion (|12|) in the following way. Consider the family of 
worldsheets S(e) parametrized hy p = e^. This family of two-dimensional 
manifolds "sweeps" some three-dimensional manifold (one boundary of this 
three-dimensional manifold is the null-surface S(0)). Let us think of p,a,T 
as coordinates on this three-dimensional manifold. Consider the equation 
H12() : Drdrx{p, a,T) — pD^jd^x^p, a,T) = 0. Differentiate it with respect to 
P- 

DpDrdrX — D^daX — pDpDfjdaX = (17) 

Now we have to take into account that the covariant derivatives do not 
commute. They do not commute because the target space has a non-zero 
Riemann tensor. To define the Riemann tensor, one takes two vector fields 
^, r/ and computes the commutator of the covariant derivatives along these 
two vector fields. The result is a section of End(r)(^dS'5 xS^)— the bundle 
of linear maps from the tangent space to itself. This section is a bilinear 
function of ^,r/ called i?(^,r/): 

^(e,??) = -VgV^ + V^V5 + V[^,^] (18) 

For given ^ and r/, R{£,^ rf) is a matrix acting in the tangent space to AdS^ x 
. The vector fields dp, d^ and dr are defined only on the three-dimensional 

^The Jacobi equation describes the infinitesimal variation of a geodesic, see for example 
Appendix 1 of |2()) . We decided to keep this name for the equation l|14|l which describes 
the infinitesimal resolution of the null-surface becoming an extremal surface. Indeed, the 
null-surface is composed of the null-geodesics. After the resolution, these nuU-geodesics 
become time-like curves. It is not true that these time-like curves are geodesies, because 
there is a "driving force" DcrdaX on the right hand side of 11411 . This driving force, resulting 
from the tension of the string, makes the equation inhomogeneous. 
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submanifold. But still, we can compute their commutators and the commu- 
tators of the corresponding covariant derivatives. We get, in particular, 
[dp, dr] = and therefore 

[Dp,D^] = -R{dp,dr) 

Let us use this formula in ((T7|l. Taking into account also that DpdrX = 
DrdpX we get: 

DrDrdpX + R{drX, dpX)drX — DcjdfjX — pDpDfjdaX = (19) 

In this equation, let us put p = 0. Since dpx\p=Q = rji we get (fTl)) . 

Now we will consider the inhomogeneous Jacobi equation in the special 
case when S(0) is ruled by the orbits of the light-like Killing vector field. 
Our aim is to show that in this special case there are solutions satisfying 



2.3 A special case of the inhomogeneous Jacobi equation. 

We will start by rewriting (|14)) in the special case when S(0) is ruled by the 
orbits of V , that is drX^ = V{xo): 

Let us introduce an abbreviation for the covariant derivative; for two vector 
fields a and fi we will denote a. (3^ = a'^Vi^P^. Taking into account ()18() we 
have: 

DrT] = V.T] = [V, r]] + r].V (21) 
D^rj = V.{V.T]) = V.[V,ri] + [V,r]].V - R{V,t])V = (22) 
= [V, [V, v]] + 2[V, r]].V - R{V, v)V (23) 
This allows us to rewrite ()2U() as: 

[V,[V,r^]]+2[V,r^].V = ^^ (24) 

Since V is a Killing field, its covariant derivative is antisymmetric: V^T^y = 
— VjyV^. Therefore for any vector field a we can write a.V = CaUJ where 
^fiu = V^V^ is a closed two-form. With this notation Eq. (|24() becomes: 

[V,[V,v]]+2i[v,n]U^ = ^^ (25) 
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The null-surfaces ruled by the orbits of the null Killing correspond to opera- 
tors of the form tr F{X, Y, Z). Consider a degenerate surface S(0) generated 
by the orbits of V and its deformation S(e) corresponding to turning on the 
coupling constant. Although S(0) is invariant under V, its deformation S(e) 
is not invariant. Let us consider the translation of S(e) by the vector field V 
with the parameter fi, schematically e^^.S(e). This corresponds to the ac- 
tion of the renormgroup on the operator in the theory with a finite coupling 
constant. The operators of the type tr F{X, Y, Z) are only mixing among 
themselves under the renormgroup at the level of one loop. This implies 
that the translation along V of the deformation of the null-surface ruled by 
the orbits of V should be the deformation of some other null-surface which 
is also ruled by the orbits of V. For the infinitesimal deformation this means 
that 

[V,[V,Vi]]=0 (26) 

Indeed /ie^[V^, rji] is the variation of the deformed worldsheet under the shift 
by e^^'. Then the condition [V, [V,rii]] = implies that: 

1. [V, r]i] is a solution of the homogeneous Jacobi equation and therefore 
xo + ^e^lV, r]i] can be considered as defining the deformed null-surface^ 

2. This deformed null surface is again ruled by the orbits of V. 



Therefore under the condition (|26|) the shift of S(e) by V can be "compen- 
sated" by the deformation of S(0), and the deformed S(0) is again ruled by 
the orbits of V. This is precisely the statement that the diagramm ((H)) is 
commutative, to the first order in e^. 

Can we find rji satisfying (|25|) and p6|) ? It turns out that we can. Indeed, 
with the condition (|2(i|) Eq. (|25|) becomes: 

D dxn , 

where we denoted 

C = [v,m] 

We want to study the space of solutions of the equation (|27|) . The 2-form 
u! is degenerate, therefore we have to make sure that the right hand side of 
(|27j) belongs to the image of w. To describe the kernel of lo we decompose 
V = VAdSs + ^S^- Here VacISs component of V in the tangent space to 

AdS^ and Vgs is the component in the tangent space to . The kernel of co 

^That this deformed surface is degenerate follows from the constraints list . 1161 1 and 
from V being a Killing vector. 
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is generated by V and V = VAdS^ — ^s^- Notice that D^daXQ is orthogonal to 
V (the proof of this fact uses that y is a Kilhng vector and V is orthogonal 
to dfjXo). Therefore it is orthogonal to one of the vectors in the kernel of 
V . It does not follow that D^jd^XQ is orthogonal to V . But remember that 
d(jXQ is defined modulo V . Adding to O^xq something proportional to V we 
can make it orthogonal to V . Indeed, we have 

{V,D„d„x^) = d^{V,d^xo) (28) 
and one can change xq to xq where 

/ {V,d^x^)-C \ 
d^xo = d^xo - I j^^Y^ I V (29) 

where C is a constant. We adjust C so that xq is periodic. We have 
{V,daXQ) = C. Now {V, DadaXo) = and therefore D^daXQ is orthogo- 
nal to the kernel of u and therefore u) is invertible on it. 

We have to also take care of the constraints (fT5|) . (fT6|) . Notice that 
C = \y, r]i\ is determined from (|27|) only up to a linear combination of V and 
V . The coefficient of V is undetermined and corresponds to the a-dependent 
rescaling of the affine parameter on the light ray. The coefficient of V is fixed 
to satisfy ()16() . After that [1^, is completely fixed modulo V. It remains 
to satisfy (|15)) . Let us rewrite (|15|) in the following form: 

{V.r^i,d,xo) + {D^i^i,V) = ([y,7?i],9,2;o) + (D.r/i,y)-w(5,2;o,?7i) = (30) 

We can look for 771 (r = 0, a) in the form r7i|T-=o = a[a)V + (3{a) where /? is 
a vector orthogonal to both V and V and a is a function of a such that: 

2daa = -{[V,r]i],d„xo) +a;(9^xo,/3) 

There is a freedom in the choice of (3, the only constraint is that a determined 
from this equation should be a periodic function of a. This is the freedom 
to add to rji a constant vector Ar/i (constant means [V, Ar^i] = 0) satisfying 
{Da-Ar]i, V) + (y.Aryi, 5o-xo) = 0. This corresponds to the e^-deformation of 
the null-surface remaining the null-surface. 

The solutions of which have [V,[V^,r/i]] / correspond to opera- 
tors of the form O + -j^O where O is not annihilated by the symmetry 
corresponding to V. 
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2.4 Example: the two-spin solution. 

Here we will consider as an example the two-spin solution of ^Hl- This 
solution is of the type considered in this section, the corresponding null- 
surface is invariant. We will reproduce the terms of the order in the 
expansion of the worldsheet near the null-surface. 

Let us parametrize the sphere by the three complex coordinates 1/ = 
xje^^' with X]7=i ^/ = 1- Of the AdS space we will need only a timelike 
geodesic, which we parametrize by t. The metric is —dt^ + ^ Idl/p. The 
lightlike Killing vector is 

at ^ 04., 

Consider the following null-surface Xq((T, t): 

XI = xi{a), (j)i{t) = t (31) 

The one-form g^^V'^ is^ V = —dt + ^x']d(f)i, therefore u = J2dx'j A dcpj. 
For any vector ^ we have l^uj = 5 [{^■x'j)d(f>j — {^.(f)j)dx'j] . The one-form 
on the right hand side of (P7|) is: 

D^daX = ^{D^daXi)dxi (32) 

Eq. ((77|) . together with the constraint (F, [V^,??]) = —\{d^x)'^ can be solved 
as follows: 

[y,ri] = - ^E^7'^.5.^/^ (33) 



This means, that on the initial surface H31|) r/ is a linear function of t: 



TJ = t 



2^ ' dt 2 ^ 



(34) 



Let us compare this to the solution of 19 . The solutions of jT^] correspond 
to a special finite-dimensional subspace in the space of null-surfaces, such 
that the contours x{a,T)\r=To are the periodic trajectories of the C. Neu- 
mann integrable system: 

DrjdaXi = —wjxj + xj ^ w'jx'j (35) 



^we denote the one-form corresponding to the vector V by the same letter; this should 
not lead to a confusion 
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On such contours, 



rj = t 



2 2 



d 



d 



mod V 



(36) 



The expression = J2{daXi)'^+J2 '^jx'j is twice the energy of the Neumann 
system. One can see that xq + e^r/ gives the zeroth and the first terms in 
the expansion of the solution of Section 2.1 of [19) around the null-surface®. 



3 The general case: V is not a Killing vector field. 

In AdS^ X the null-geodesics are all periodic with the same period, in 
a sense that all the light rays emitted from the given point in the future 
direction will refocus in the future at some other point. This implies that 
the null-surfaces in AdS^ x are all periodic with the same integer period. 
The null-surfaces should correspond to the large charge operators at zero 
coupling; the periodicity of the null-surface corresponds to the fact that the 
operators in the free theory have zero anomalous dimension. 

Turning on a small coupling constant corresponds to considering the 
extremal surfaces which are very close to being null. Such surfaces are the 
worldsheets of the "ultra-relativistic" strings. Naively one could think that 
the extremal surfaces which are close to the null-surfaces are periodic modulo 
small corrections. But this is not true ^3;- It turns out that the worldsheet 
of the ultrarelativistic string is close to the degenerate surface only locally, in 
the following sense. For each point on the worldsheet there is a neighborhood 
with the coordinate size of the order the AdS radius where the surface is 
indeed close to some null-surface. But as we follow the time evolution the 
deviation of the extremal surface from the null-surface accumulates in time, 
and eventually becomes of the order of the radius of the AdS space. This 
is a manifestation of the general phenomenon which is known in classical 
mechanics as the "secular evolution" or the "long-term evolution" of the 
perturbed integrable systems |20j. If the string worldsheet was originally 
close to a null-surface S(0) then after evolving for a period of time AT ~ 

it will be close to some other null-surface S(O)'^^ which is different 
from S(0). Therefore we get a one-parameter family of transformations 
on the moduli space of the null-surfaces with the parameter AT, or rather 
e^AT. We call these transformations the "long term evolution" of the null- 
surfaces. In fact the fast moving string determines a null-surface and its 

®There is a difference in notations: i<-fAFRT] = 1 + e^^^, wj^j^pj^j,^ = f + e^u)^ 



12 



parametrization, therefore we have a family of transformations on the moduh 
space of parametrized null-surfaces. 

Before we proceed with the analysis of the string, we outline a general 
situation when this slow evolution is usually found. Suppose that we have 
an integrable system on the phase space M with the Hamiltonian H^^ and 
HQ + e^AH is a perturbed Hamiltonian. We are interested in the special case 
when the phase space M has a submanifold Mt C M closed under the flow 
of Hq, such that HqImt is constant and all the trajectories of Hq on Mt are 
periodic with the same period T. Also, we require that the perturbation is 
such that the trajectories of Hq+e^AH which started near Mt will stay near 
Mt at least on the time intervals At ~ e~'^. In other words, the trajectory of 
the perturbed Hamiltonian which started on Mt should be always close to 
some "approximating" periodic trajectory of the unperturbed system. (This 
does not follow from anywhere; it is an additional assumption which has to 
be verified.) The "approximating" periodic trajectory will slowly drift. Let 
us calculate the velocity of the drift. Suppose that we started at the point 
xq G Mt on the periodic trajectory of Hq with the period T. Let us denote 
xo(t) the periodic trajectory of Hq starting at xq. The perturbation drives 
us away from this periodic trajectory. Take n an integer, n « e~^. After 
the time interval nT we are close to the original point xq. The deviation 
from Xq is: 

5x = e^J dr (e("^-")-^«)^a;~id(AF)(xo(r)) + o(e2) (37) 

Here ^g*^"'^"'^^^"^ denotes the translation of the vector in the tangent space 
to M at the point xq{t) forward to the point XQ{nT) = xq by the flow of 
Hq. Let us compute isx^'- 

y dr [e-^^T-r)m^ dAHixQij)) 



2 



+ o{e^) (38) 



Because of our assumption the component of 5x which is transverse to Mt 
does not accumulate in time. This means that for sufficiently large n we 
have ^5x approximately tangent to Tx^Mt (the component transverse to 
TxqMt is of the order ^.) The one-form on the right hand side of (|38|) 
simplifies if we restrict it to the tangent space to Mt- If we take ^ G T^^Mt 
and compute a;(5x,^), we will get the difference of e"^ J^^ AH = ne^AH 
on the periodic trajectory going through xq + and the periodic trajectory 
going through xq. In this sense, 

tSxi^lr^gMr = "-e^ d AH (39) 
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We have the following picture. Consider the restriction of to on Mt- Be- 
cause HqImt = const the tangent vector to the periodic trajectory is in the 
kernel of uj\mt- This means that lo\mt defines a closed two- form on the 
space of periodic trajectories with the period T, which we will denote fl. 
The "averaged" Hamiltonian AH is a function on this space of periodic tra- 
jectories. The secular evolution is the vector field ^ on the space of periodic 
trajectories which satisfies 

i^n = dAM (40) 

In the rest of this section we will apply this general scheme to the ultrarel- 
ativistic string in AdS^ x S^. 

3.1 Hamiltonian approach to the fast moving strings. 

Consider the fast moving string in AdS^ x S^. As explained in Section 2.2 
of we can parametrize the worldsheet by the coordinates a and r such 
that the embedding functions satisfy the constraints: 

(drX, drx) + e'^id^x, d^x) = (41) 

(drX, d„x) = (42) 

These conditions do not completely fix a and r. They are preserved by the 
infinitesimal reparametrizations of the following form: 

6uUa)^ = [fL{a + eT) + fR{a-eT)] — + e[fL{<y + eT)-fR{a-er)]— (43) 

We will assume that x is a series in even powers of e: x = xo+e^?/i+e^7/2+. . .; 
this form of x is preserved by the transformations (|43j) with 

/l = /o + e/i + e'/2 + . . . 

fR = fo- e/i + - • • • 

Using this residual freedom in the choice of the coordinates we can impose 
the following condition on the projection of the string worldsheet on S^: 

idrXs5,d^xss)=C + Oie^) (44) 

{drXs5,drXs5) + e^{daXs5,daXs5) = -l + Ce^ + 0{e^) (45) 

where C and C are both constants (do not depend on a.) Rescaling e and 
r by ^ (1 - Ce'^)e'^ and r ^ (1 - C'e^)-^^ we can put 

(7 = (46) 
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The initial conditions H44|) . (|45() are preserved by the equation of motion 
DrdrX — e^DfjdaX = 0. This particular choice of the coordinates simplifies 
the calculations. 

In the limit e = the worldsheet of the string becomes a collection of 
non-interacting massless particles. This limiting system can be described by 
the action 



which is the first term of (In this section we will omit the overall 

coefficient in front of the action.) Introduction of e > corresponds to 
the perturbation of this system by the interaction between particles, which is 
described by the second term on the right hand side of (|11|) . The interaction 
term is 



Let us reformulate this problem in the Hamiltonian approach. We will be- 
gin with the study of the unperturbed system (|47j) . Consider first the S"' 
part. The unperturbed system can be thought of as a continuous family of 
free non-interacting particles moving on a sphere. For every fixed a = aQ, 
x{t, (To) describes the motion of a free particle which is independent of par- 
ticles corresponding to other a / Uo. The momentum conjugate to x € S"^ 
is p = and the Hamiltonian is Hq = ^{p,p). This system is integrable. 
For every a the corresponding point of the string moves on its own geodesic 
in S"^, different geodesies for different values of a, and the velocity generally 
speaking may also depend on a. The geodesies in are periodic. We can 
parametrize every geodesic by an angle ip G [0, 27r]. For each a the "angle" 
variable ^(u) satisfies drip{(7,T) = f{a) where f{a) is the fi-dependent fre- 
quency. We want to study the effect of the small perturbation (@H|- Let us 
first introduce some useful notations. 

Particle on a sphere. We will consider two symplectic manifolds. The first 
is the phase space of a free particle moving on a sphere with the Lagrangian 
{x,x); we will denote it M. This is the cotangent bundle of the sphere 
M = T*5". The second symplectic manifold is the moduli space of the 
geodesies in 5"; we will call it G. The natural symplectic form on G can be 
constructed in the following way. Let us parametrize each geodesic by an 
angle ip; we have {d^x,d^x) = 1. The tangent space to the moduli space 
of geodesies at a given geodesic is given by the Jacobi vector fields ^ which 
satisfy the Jacobi equation — R{d^x,^)d^x = 0. Given two Jacobi 




(47) 




(48) 
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vector fields and ^2 we define the symplectic form: 

"(6,6) = -(6, ^^6) + (^v6,6) (49) 

The right hand side is evaluated at a particular point on the geodesic (at 
some particular ^.) But it does not depend on the choice of this point (be- 
cause of the Jacobi equation). It is closed because it is actually a differential 
of the one-form {d^x,^,); this one-form does depend on the choice of a point 
on a geodesic, but its differential does not. Also, a "trivial" Jacobi field 
6 = corresponding to the shift along the geodesic is in the kernel of fl. 
Indeed, 

fl{^,d^x) = {D^i,d^x) = 

because {d^x, d^x) = 1 for both the original geodesic and its infinitesimal 
deformation by the Jacobi field ^. Therefore f2 is a well defined two-form 
on the moduli space of geodesies. 

Consider the subspacc Af x C M of the phase space where the velocity of 
the particle is nonzero. It is a fiber bundle over the moduli space of geodesies 
G. Indeed, the position and the velocity of the particle uniquely determines 
the geodesic on which the particle is moving. This defines a projection map: 

TT : Mx ^ G (50) 

from the phase space of the particle to the moduli space of geodesies. We 
will try to use boldface letters to denote objects on G to distinguish them 
from the functions and forms on M. We decided to use a boldface to denote 
the projection map because it takes values in G, so 7r(p, x) determines a 
point in G. The fiber of tt is 5^ x Rx where Rx is a real line without zero. 
The parametrizes the position ij) on the geodesic and Rx determines the 
velocity / = \fE where we denoted E = {p, p) . Let us introduce the 1-form 
Vcj) on Mx : 

"'^^ (-) 

It is characterized by the properties: 1) the restriction of P(/> on the fiber 
X Rx is E^^^'^dip where ip is the angle on and 2) it is zero on any 
vector in TMx having a projection on TS" orthogonal to p. For a vector 
V G TG we will define a lift tt^^v as a vector in TMx with 7r*(7r'~^v) = v 
and dE{Tv~^-v) = and P(?!)(7r~^v) = 0. This determines the connection on 
the fiber bundle Ady G. 

The symplectic form on Mx can be written in terms of T>(j) and the 
pull-back of the symplectic form on G: 

L0 = ^dEAV(j) + VE7v*n (52) 
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Particle on AdSm x S". It is straightforward to write the analogue of ()52|) 
for the particle moving on AdSm and on AdSm x S". We consider AdSm x 5" 
with the metric of the mostly negative signature (that is, the metric on 
is considered negative definite.) For two vectors ^, rj in the tangent space to 
AdSm X we denote (■?,??) a the scalar product of their AdSm components, 
and {^,ri)s the scalar product of their components. In general, the index 
A will denote objects on AdSm and the index S objects on the sphere. Let 
us introduce the notations: 



Ea = {p,p)a, Es = {p,p)s, 

V(I)A = Ej^{p,dx)A, V(t)s = Eg^{p,dx)s 

(Notice that Ea is positive and Es is negative.) We have 

{dp A dx)A (p, dp) A A {p, dx)A 



Therefore 



E 



1/2 



E 



3/2 



{dp A dx)s ^ {p, dp)s A (p, dx)s 



{-EsYl^ 



-EsY/2 



(53) 
(54) 



uj = -dEA A V(f)A + -dEs A V(f)s + ^/E^^^*nA + ^/-Es7T*ns (55) 

Here 7r*Q*^ and 7r*ri^ are lifted from the moduli space of geodesies on AdSm 
and S", respectively; "Dcps = ^jf^f'- 

String on AdSm x 5". Let us proceed with our original system, which is a 
continuous family of free particles. The phase space of the system is the 
"loop space" LM which consists of the contours {p{a), x{a)) satisfying the 
constraints {p,d(jx) = and {p,p) + {d^x , dax) = 0. The symplectic form 
is an integral over a: 



ijj 



da 



]^dEA{(j) A Vcl)A{(y) + \dEs{a) A Vct)s{<y) + 



+ jEA{a)7v*ft*A{a) + J-Es{a)7v*ft*s{(T 



(56) 



We want to derive an evolution equation on LG. We use the boldface for 
the objects living on G or LG, therefore our goal is to arrive at the equation 
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where all the letters are bold. The differential of the perturbation Hamilto- 
nian is 

d AH = J da {d^x, D^^dx) = — J da{Df^daX, dx) 

Let us decompose dx as the sum of the component parallel to p = drX and 
the component orthogonal to p. We get: 

dAH = J da[-{p{a),D^^^x)AV<^>A{(T)- 
-{pia),D^^^x)sV<|)s{a) - (dxia), (D^d^x)^)] (57) 

Here {D^d.x)^ = D^d.x - ^£^^^pA - ^S^^^pg. The one-form 
{dx, {Dfjdax)±) is an element of the cotangent space T*^^-^M to the phase 
space at the point {p,x). It is horizontal in the sense that its value on 

dEs^ sfl sfs zero. This means that it is a pullback of some form 
a{p,x) on the tangent space to G at the point 7r(p, x): 

{dx,{D^da-x)±) = 7v*a{p,x) (58) 

To avoid confusion, we want to stress that this form a{p,x) G T*j^^^-^G 
depends on (p, x) and not just on the projection tt[p,x). That is why we 
did not use the boldface for a. Given the Eq. (|58j) for dH and the symplectic 
form (|56() on LM we can write down the Hamiltonian vector field: 

uj-^d{H + e^AH) = + + 



+ 6^ 



d d 
{p, + {P, ^'^^<^^)^^^ ~ TT^-^ft'-^aip, x) 



(59) 



Long term evolution. The coefficients of and describe the evolution 



of the frequency: 

EAir) = Ea{0) + dr'ipia, r'), D^d^xia, t'))a 
Jo 

Es{t) = Es{0) + r dr'ipia, T'),D^d^x{a, t'))s 
Jo 

We want to study the evolution over the period up to the order there- 
fore we can replace on the right hand side x(o", r') and p{a,T') with the 
unperturbed motion xo(o", r') and po{a,T'). 
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We can now see that Ea{t) and Eb{t) oscillates around -Ea(O) and 
Eb{0). Indeed, taking into account the initial condition H44j) we have: 



J dT'{dr'x{a,T'),D^dax{a,T'))A = J dT'-^{d„x{a,T'),d„x{a,T'))A = 

(60) 

because of the periodicity. Therefore the variations of the frequency do 
not accumulate over time. The initial conditions (|45j) imply that Ea{0) = 
1 — e^(9o-x, dax)A + (terms of the higher order in e^). 

But the variation of the shape of the contour does accumulate. For r of 
the order ^ the change in the shape of the contour will be of the order one. 
Indeed (|59|) implies that the projection of the trajectory on G satisfies: 

drTv{p,x) = —e'^^l~^a{p,x) (61) 

The variation of the geodesic over one period is therefore: 

f.27r 



67V = -n-' ["dtp a{po, xo(V)) (62) 
Jo 



Again, we neglected the higher order terms in and replaced all the (p(t), x{t)) 
on the right hand side of (|nT|) by the unperturbed po{t), xo{t). Also, follow- 
ing the notations in ()49|) we replaced the time r with the angle ip parametriz- 
ing the geodesic. Notice that Jq^ dip a{po, xo{ip)) is the differential of the 
function on the base G which is obtained by the integration of AH over ip: 



f dipa = d AH, (63) 
Jo 

AH = i r dip r da {d„xo{iP,a),d,xo{iP,a)) (64) 
^ JO Jo 



Let us prove it. We have 

dip a = I dipda {Dcjdx±{ip,a),dcjx{ip,a)) (65) 



By definition dx± = dx — {dx , d^x) aQ^x a + idx,d^x)sd^xs- (Remember 
that in our notations the metric on is negative definite.) Therefore: 

J dip a = J dipda (D^^dx, do-x) — 

- / dipda {Dcr{{d^x,dx)Ad^x),dax)A- / dipda {D„{{d^x,dx)sd^x),dax)s 
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But the second and the third terms on the right hand side are zero on the 
initial conditions H44|) . Therefore J dip a = d AH as we wanted. 
Now we can compute the variation of 7v{p,x) over the period: 



Stv 



e^fi-^d AH(7r) 



(66) 



Introducing t = e^r we obtain the equation for the secular evolution: 



dTV 

9t 



n-^d AH(7r) 



(67) 



In this equation all the letters (except for d and d) are boldface, as we 
wanted. It describes the evolution of the contour in the moduli space of 
null-geodesics on AdSm x 5'"- 

3.2 Summary. 

The effective Hamiltonian is a functional on the space of parametrized null- 
surfaces: 



Here tp is the affine parameter on the light rays and that the periodicity of 
the light rays is Aip = 2tt. The remaining coordinate freedom is in the choice 
of the closed contour ip = const, but the integral (|68|) does not depend on 
this choice. Therefore it is a functional on the space of parametrized null 
surfaces. 

The symplectic form on the space of parametrized null-surfaces is 



This symplectic form has a straightforward geometrical interpretation. No- 
tice that the space of classical string worldsheets has a natural symplectic 
form which is defined in the following way. The deformations of the string 
worldsheet are described by the vector fields ^(fi, r). The value of the sym- 
plectic form on two infinitesimal deformations and .^2 is 



Here D is the covariant differential on the worldsheet, the metric on the 
worldsheet is induced from the spacetime, the integral is taken over a closed 
spacial contour and the fields ^1 and ^2 are chosen to preserve the conformal 




(68) 




(69) 




(70) 
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structure on the worldsheet (they are originahy defined only up to the vector 
tangent to the worldsheet.) The symplectic form ()69() on the space of null- 
surfaces is the ultrarelativistic limit of the symplectic form (|7U() on the phase 
space of the classical string. Indeed, when e — > (fTOj) becomes 

^string = — / {dx A D^dx) (71) 

As we will explain in Section 13.41 this equation justifies our definition of 
the small parameter e and the parametrization a. Indeed, the right hand 
side agrees on the field theory side with the symplectic structure of the 
continuous limit of the spin chain. The parameter a should be identified 
with the number of the site divided by the length of the chain. 

In the end of this section we will derive this evolution equation ()67|) 
directly from the inhomogeneous Jacobi equation. But first we want to 
rewrite ()67|) in a more explicit form and discuss its interpretation in the 
dual gauge theory. 



3.3 Explicit evolution equations. 

Here we will realize the moduli space of geodesies as a quadric in the complex 
projective space and write the evolution equation (|()7j) in the explicit form. 
Let us start with the 5"" part. Geodesies on 5"" are equators: 

xo (t, cj) = ei(cj) cos r + 62 (cr) sin r (72) 

They are parametrized by a pair of orthogonal vectors ei and 62 modulo 
the orthogonal transformations mixing ei and 62. As a manifold it is the 
Grassmanian of two-dimensional planes in the n + 1-dimensional space, G = 
Gr(2, n + 1). Let us introduce a complex vector Z = ei + ie^ in C"+^. 
It has the properties (Z, Z) = and (Z, Z) = 2. Given the equator, Z 
is determined up to a phase Z — > e^^Z. Therefore the moduli space of 
geodesies is a quadric in the complex projective space CP" given in the 
homogeneous coordinates [Zi : . . . : Zn+i] by the equation (Z, Z) = 0. 
Similarly, the moduli space of geodesies on AdSm is a quadric in CP*" 
given in the homogeneous coordinates [y_i,lo) • • • 1^-1] by the equation 
{Y,Y) = Y3,+Y,^ - Y^ - ... -y^_^ = 0. 

In our application we need actually not just the geodesic, but also the 
position of the point on it. Therefore we have to keep the phases of Z and 
Y . The position of the point of the string in AdSm x S*" is given by 

{xA-,xs) = (Re y. Re Z) 
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and the velocity is 



{PA,Ps) = Im Y, ^/-Es Im Z) 

The averaged perturbation Hamiltonian is 

\dJ',d^Y)-{d,z,d,z) 



AH 



with the constraint 



The symplectic form 



1 



da 



iY,d^Y)-iZ,d^Z) = 



2i 



da{{dY AdY) - {dZ AdZ)) 



The Hamiltonian flow ()59|) averaged over the period is: 



drY = i 
drZ = i 



1 



1 - -e\d„Y,d„Y) Y - -e'diY - -e\d„Y,d^Y)Y 



1 ^ 



4 

1 2, 



1 - -e'id^Z, d^Z) z - -e'diz - -e\d^Z, d„z)z 



(73) 
(74) 

(75) 



(76) 



The terms proportional to Y and Z are fixed from the initial condition H45() . 
and the terms proportional to Y and Z are such that {prY^ F) = and 
(drZ, Z) = 0. 



3.4 Interpretation in the dual field theory. 

To interpret these equations on the field theory side we have to consider the 
single trace operators with large R-charge. In the "continuum limit" Z cor- 
responds to the local density of the R charge. The operators corresponding 
to the speeding strings are "locally half-BPS" ^Ij. Therefore the density of 
the R charge should be a decomposable element of so(6) which means that 
(Z, Z') = 0. Following the idea of jl.Sj we can interpret Z as parametriz- 
ing a point on the coadjoint orbit of so(6) consisting of the decomposable 
elements. Decomposable elements are those antisymmetric matrices which 
can be represented as an antisymmetric product of two orthogonal vectors 
ei A 62; then Z = ei + ie2. This orbit corresponds in the sense of [2j to the 
vector representation of so(6) which lives on the sites of the spin chain. 

Let us now add the AdS part. Consider the orbit of so(2, 4) consisting 
of the elements of the form Y AY where Y = e\^ ie2 with (Y, Y) = and 
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(y, Y) = 2. Just as a geodesic in 5*^ is defined by Z modulo a phase, a 
geodesic in AdS^ is defined by Y modulo a phase. Roughly speaking, a pair 
of functions {Z{a),Y{a)) where both Z{a) and Y{a) are defined modulo 
local phase rotations (independent for Z and Y) define a null-surface in 
AdS^ X S^. But there is a subtlety. For the corresponding surface to be null 
we have to be able to fix the relative phase of Y and Z in such a way that 

(Z,d^Z) = {Y,d^Y) (77) 

This imposes the following integrality condition on the functions Y{a) and 
Z(a). Let us consider a two-dimensional surface Dz in CP^ such that its 
boundary is the contour [.Z'(cj)] and a two-dimensional surface Dy in CP^"*"^ 
such that its boundary is the contour [y((T)]. The integrality condition 
is that the symplectic area of Dy should be equal to the symplectic area 
of Dz plus an integer. On the field theory side this integrality condition 
corresponds to the cyclic invariance of the trace. 

To summarize, let us consider two functions [Y] : CP^"^^ and 

[Z] : CP^ satisfying (Y, Y) = {Z, Z) = and the integrality condition 

described above. The integrality condition guarantees that we can lift [Z] 
and [Y] to the functions Y : ^ C^+^ and Z : ^ satisfying ((77|). 
Let us fix such a lift modulo an overall phase (Y, Z) ~ e**^^*^^ (Y, Z). This data 
determines the null surface in AdS^ x corresponding to the Yang-Mills 
operator with the anomalous dimension 

/ ((^-^' ^-^) - ^-^)) (^8) 

In this formula we have restored the coefficient ^ from Eq. The 
integral does not depend on the "overall" phase of (Y,Z). 

The precise relation between e and A can be obtained by computing the 
conserved charges. Consider a Killing vector field U on S^. We have 

5ux' = u'^x^ (79) 

where x\ z = 1, . . . , 6 denote a unit vector representing the point of and 
u^^ is an antisymmetric matrix corresponding to the symmetry U. Let us 
compute the corresponding conserved charge to the first order in e. We have: 

Qu = -^ r ^''^o(^, T)drXl{T, a) (80) 
e zvr Jo 
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By definition xo(t, cr) should belong to the geodesic specified by Z{a), and 
drx"^ = (^Z f\ z\'' . This means that the charge is: 




But ^ZAZ should be the local density of the R charge. Therefore we identify 




where L is the length of the spin chain (the number of operators under the 
trace.) Substitution of e in (|78j) gives: 



This is a functional on the space of contours {Y{a),Z{a)) in C^^, subject 
to the constraints |yp = |Zp = 2 and {Z,do-Z) = {Y,do-Y) and defined 
up to an overall phase {Y{a),Z{a)) — > e^'^^'^^Y (a) , Z (a)) . The symplectic 
structure on this space is given in ([75|l. 

3.5 Comment on the special case when E(0) is generated by 
the orbits of V. 

In the special case when S(0) is generated by the orbits of V the anomalous 
dimension can be computed in two different ways. One way is to compute 
the conserved charge corresponding to V as was done in [7j. The other 
way suggested in is to study the secular evolution of T,{e) and find the 
Hamiltonian governing this evolution. The two methods give the same result 
for the following reason. The constraint (drx)'^ + e'^{do-x)'^ = says that the 
total perturbed Hamiltonian Hq + e^AH should be zero. The "effective" 
Hamiltonian governing the secular drift is obtained by the averaging of AH 
over the period. Because of the constraint we have e^AH = —Hq. But in 
the vicinity of S(0) we have Hq equal to the charge Qy up to the terms of 
the higher order in the deviation from S(0). (This follows from the fact that 
the Hamiltonian fiow of Hq on S(0) is the translation by V .) 

3.6 Direct derivation from the Jacobi equation. 

We derived ()67() and (|76() using the Hamiltonian formalism. Here we will 
give a direct derivation from the inhomogeneous Jacobi equation. 




(83) 
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Let us study the inhomogeneous Jacobi equation in the special case of 
AdS times a sphere: 

D^r] - R{drX, ri)drX = D^d^x (84) 

We can decompose drX as a sum of the vector drXAdS^ iii the tangent space 
to AdSs and the vector drXgi in the tangent space to S^, drX = drXAdSs + 
drXss- We denote drX = drXAdS^ — drXg^. We will need the following 
representation for D^jd^x: 

DcrdaX = + a(c7, T)drX + P{a, T)drX (85) 

where ^ is a Jacobi field orthogonal to both drX and drX and a(r) and /?(t) 
are some functions. Indeed, let us consider the projection of the geodesic on 
S^. The geodesic on is an equator: 

x{t,(j) = 61(0") cos r + 62(0") sin r (86) 

where {e\{a) , e\{a)) = (e2(o"), 62(0-)) = 1 and (ei((7), 62(0-)) = 0. We have 

D^d^x = (ei(cr) cos r + 62 (a) sinr)|| (87) 

where the index || means that we have to project to the tangent space of 
along the radial direction. It is enough to consider this equation at cr = 0. 
Let us decompose the second derivative of Cj, i = 1,2 in the components 
<ii,tang and ai^norm parallel to the plane (61,62) and the components (ef)^ert 
perpendicular to this plane: 

e'/ = ai,t62 + oi,nei + {e'Overt (88) 

62 = 02,461 + a2,ne2 + {e2)vert (89) 

The second covariant derivative is: 

D„dax{T, a) = 

= (cLi^t cos^ r — a2,t sin^ r + (a2,n — ai,n) cos r sin (?r (ei cos r + 62 sin r) + 

+{ei)vert COS T + (62)^6^ sin r (90) 

The analogous expression holds for the vldS's-component of D^daX. But 
(e'i')t;ertCOsr + (egO^ertSinr = 9^ ((e")„ert sinr - (egO^ertCOsr) and 

C = {e'Dvert sinr - (62),;ert cos r 
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is a Jacobi field. This proves (jHSJ). Notice that ^ and Dri are orthogonal to 
both d-rX and drX. We can now present a solution to the equation H84|) : 

7/ = + AdrX + Sa^^ (91) 

where A and i? satisfy ^;j4 = o and = (5. It is important that both A 
and i? can be chosen periodic functions of r. This is true for B: 

j dTf5 = j dr {drX, D^d^x) = -\ j dr dr{d^x, d^x) = (92) 

and also for A, because 

J dr a = J dr (drX, D^^dax) = (93) 

= y" dr [{dax, dax)AdS5 - (daX, dax)s5] = (94) 

since the projections of x to AdS^ and are both periodic. Therefore we 
see that rj can be chosen as a sum of the linearly growing term and the 
oscillating terms. The linearly growing term is ^t^^ where ^ is a Jacobi field 
satisfying Dr^ = D^jd^x. This linear term is responsible for the secular 
evolution. 
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